ESD-TR=6T=623
ESTI FILE COPY

(EsTI

ESD-TR-67-623

ESD ACCESSION LIST

esicat o . b L 59619

Copy No. / of é}

MTR-444

cys.

A STRAIGHTFORWARD GENERAL ANALYSIS OF SIGNAL DISTORTION

WITH APPLICATIONS TO WIDEBAND IONOSPHERIC DISPERSION

ESD RECORD CGO@Y

RETURN TO .
SCIENTIFIC & TECHNICAL INFORMATION DIVISION

}, BUILDING 1211

MARCH 1968

J. T. Lynch

Prepared for

/gfsz

= S L=

DEVELOPMENT ENGINEERING DIVISION

ELECTRONIC SYSTEMS DIVISION
AIR FORCE SYSTEMS COMMAND
UNITED STATES AIR FORCE

L. G. Hanscom Field, Bedford, Massachusetts

This dacument has
release and sale;
limited.

been appraved for public
its distribution is un-

Project 7150
Prepared by

THE MITRE CORPORATION
Bedford, Massachusetts

Contract AF19(625)-5165

fﬂl’&&W¥3g



When U.S. Gavernment drawings, specifico-
tians, ar other data arc used for any purpose
other than a definitely related gavernment
pracurement operatian, the gavernment there-
by incurs nao respansibility nor any abligatian
whotsoever; ond the fact that the gavernment
moy have formuloted, furnished, aor in ony
woy supplied the said drowings, specifico-
tians, or ather data is nat ta be regarded by
implicatian or atherwise, os in any manner
licensing the halder or any ather person ar
corparation, or canveying any rights or per-
mission to monufocture, use, ar sell ony
patented invention that may in any woy be
related thereta.

Da nat return this copy. Retain or destroy.




I5SD-TR-67-623

MTR-444

A STRAIGHTFORWARD GENERAL ANALYSIS OF SIGNAL DISTORTION
WITH APPLICATIONS TO WIDEBAND IONOSPHERIC DISPERSION

MARCH 1968

J. T. Lynch

Prepared for

DEVELOPMENT ENGINEERING DIVISION
ELECTRONIC SYSTEMS DIVISION

AIR FORCE SYSTEMS COMMAND
UNITED STATES AIR FORCE
L. G. Hanscom Field, Bedford, Massachusetts

Project 7150
Prepared by

This dacument hos been approved for public THE MITRE CORPORATION
release ond sale; its distribution is un- Bedford, Massachusetts
limited} Contract AF13(625)-5165




FOREWORD

The work reported in this document was pertormed by The MITRE
Corporation, Bedford, Massachusetts, for the Development Engineering
Division, Electronic Systems Division, of the Air Force Systems Command
under Contract AF 19(628)-5165.

REVIEW AND APPROVAL

Publication of this technical report aoes not constitute Air Force approval
of the report's findings or conclusions. It is published only for the exchange
and stimulation of ideas.

ANTHONY P. TRUNFIO, Technical Advisor
Development Engineering Division
Directorate of Planning and Technology

i



ABSTRACT

The degradation of signal processor performance in terms of
loss of resolution (i.e., increased main lobe width and increased
sidelobes) is analyzed and calculated for dispersive media. The
analysis gives insight into the distortion mechanisms and compares
well with straightforward and precise numerical calculations. The
distortion of wideband signals is described for the following situations:
Ionospheric dispersion (above plasma frequency), waveguide operated
near cutoff, time dilation, and frequency dependent scattering cross
section.
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SECTION I

SUMMARY OF DISTORTION ANALYSIS

In many communications and radar systems the signals are
distorted by reflection from moving targets or transmission through
dispersive media such as the ionosphere or waveguide. A general
analysis of these effects is made and compared to straightforward
but general numerical calculations which evaluate the distortion.

The analysis and calculations are made for signals with a flat-
amplitude band-limited spectrum such as linear FM pulse or an ideal
bandpass impulse. Quadratic phase distortion is given the most
emphasis because it is produced by several common phenomena such as
ionosphere dispersion, waveguide dispersion, and time dilation
distortion.

The effects of the distortion are determined in terms of radar
performance. This includes both detection capability (signal-to-
noise ratio), resolution capability (ability to distinguish nearby
targets—main lobe width, and ability to distinguish targets of
greatly different cross section—sidelobe level). In a communications
context parameters such as intersymbol interference and probability of
error would be important. Although these parameters are not discussed,
it would be possible to easily relate them to the analysis presented.

The purpose of this paper is to understand distortion in detail,

to develop a technique applicable to a broad class of distortion



mechanisms, and to determine the loss in signal-to-noise ratio, loss
in range resolution (i.e., the loss in main lobe width and attainable
sidelobelevel) that result from common problems such as ionosphere
dispersion, waveguide dispersion, and time dilation.

A general form of paired echo theory is used to relate the
phase distortion to the waveform at the output of a filter matched to
the uncorrupted signal. Because the signal is assumed to be band-
limited, it may be represented by a set of samples in the time
domain. For small phase errors these samples are simply related to the
Fourier coefficients of the phase error function.

Phase functions which have a strong periodic component generally
introduce a large sidelobe. Phase functions which are slowly varying
and can therefore be represented by a few terms of a power series are
more difficult to analyze. The Fourier coefficients predict that
there will be a considerable amount of sidelobes due to the phase
distorticn. Th¢ Fourier coefficients are related in amplitude and
phase in such a way that sidelobe weighting (e.g., Taylor weighting)
significantly reduces the distortion sidelobes. Therefore, the major
effect of this type of phase function is to decrease the signal
resolution by broadening the main lobe rather than by increasing the
sidelobes,

BACKGROUND
The mathematics used to describe the ambiguity function for time

signals is very similar to the mathematics for computing antenna



pattern. The concept of sidelobe weighting frequently used in signal

processing context was originally conceived to improve antenna

patterns.ll] Because antenna development has led the development

of sophisticated signal processing techniques, many of the

papers on the effects of phase distortion on ambiguity functions

(antenna pattern) can be found in the literature on antenna

theory.[2’3’4]
More recently, papers on the processing of time signals have

(5]

appeared. An early paper by Klauder et al gives a compre-
hensive treatment of linear FM signal processing and includes a
discussion of quadratic phase distortion. A paper by Elliott "Pulse
Waveform Degradation Due to Dispersion in Waveguide”[6]treats
quadratic phase distortion of sinusoidal pulses (uncoded). Like
Klauder, Elliott uses Fresnel integrals to evaluate the nonlinear
phase effects.
A paper by Brookner, "Effect of Ionosphere on Radar Waveforms”,[7]
which relates the frequency dependent phase velocity of an electro-
magnet ic wave propagating through the ionosphere to a quadratic phase
function, uses the results of Klauder and Elliott to define the
effective bandwidth of the ionosphere.

For many applications, such as high performance, long range
radar a more complete understanding of the distortion process and a

more precise means of specifying the effect of the distortion is

required. In some applications it may be necessary to achieve



sidelcbes as low as =55 db relative to the main lobe, while
simultaneously maintaining narrow main lobe and high signal-to-noise

ratic.



SECTION II

GENERAL FOURIER DISTORTION ANALYSIS

In this section the degradation of a signal transmitted through
a linear filter is found simply and without error by Fourier trans-
forming the product of the frequency characteristic of the distorting
filter and the squared magnitude of the signal characteristic. This
relation has been recently pointed out by R.D. Haggarty who
analyzed the effects of errors in the hardware implementation of a
large time-bandwidth filter. This procedure is a more general
calculation of the type often referred to as '"paired echoes”.[5]
The effects of sidelobe weighting are easily included by suitably
modifying the filter characteristic.
éonsider the block diagram in Figure 1, where the following
filters are represented:
1. A linear time~invariant filter with impulse
response x(t) , and frequency characteristic
X(f) . The filter output represents the
transmitted waveform.
2. A linear time-invariant filter with frequency
characteristic, I(f) . This filter represents
the distorting media.
3. A filter matched to the transmitted signal. Its

frequency characteristic is therefore H(f) = X(f)
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where the symbol * denotes a complex
conjugate.

Figure 1 also shows the same system with the matched filter and
the distorting filter interchanged. The output of the system, y(*+)}
(ramely the received signal) is not affected by the interchange
because linear time-invariant filter characteristics are commutative
G, , WCR) XiE3 = X06) ICEV).

The observation is made that the phase of X(f) does not affect
the output (received) signal y(t) . Defining the transform of y(r)

as Y(f) the following relationship is shown:

j2mft

Y(f) e df

j2mft

(o]
- J X(£) I(f) H(E) e df

j2nfe

y(t) = J IX(f)l2 I(f) e df (1)
W

D

where fo is the center frequency

and W is the bandwidth.



The output of a matched filter is often modified to reduce its

sidelcbes by introducing another filter with response W(f) . A
24k

simple form of sidelobe weighting uses the function W(f) = 1 + cosé%r :
The output of the system with weighting, W(f) ., is given by

% 4

€& 2 j2nft

2it) = I IX(£) |7 T(E) W(E) e d df (2)
]
o 2

If x{t) 1is a complicated waveform (e.g., linear FM) a considerable
amount of calculation time can be saved by using this expression. For
Iy . . . * . .

a large time bandwidth linear FM signal with a rectangular time

envelope the following relationship approximately holds

W W
1 fo -3 < f < fo + >
2)
lx(£)|” = (3)

0 otherwise

Therefore instead of evaluating complicated Fresnel integrals to

determine y(t) a simple integral needs to be evaluated

f
o

2(t) = I TOEY WEE s

=

jenft df )

W
f0-2

“Note that for the commonly realized linearly dispersive filter systems,
Equation 3 is the ideal (error free) result.




An understanding of distortion effects can be achieved by
appealing to the sampling theorem or to a general paired echo theory.
Paired echo theory predictslllthat if a signal {(t) is

applied to a filter with the amplitude and phase spectra

ALEY = 1

-~

I
N

p(f) = b1 sin 2mfc

that the output, Z(t) , consists of a series of signals differentially

delayed.

Z(e) = y(t) + 3 e +¢) - y(e - )] + I, (b)LY(e +2¢) + y(t ~ 2¢)]

+ J3(b1)[¢(t + 3¢) - y(t - 3c)] + + + (6)

The Bessel function, JZ(bl) , can be approximated for small values cf

their argument,

B
60D 5

Jy(b)) as J5(b ) w O if b << 1 (7)

The sampling theorem states that a function limited to a band W

may be represented by the following series

“+

sin TW(t - ‘)
LY = Yips (8)
R—X-:oo mW(t - —)




=) v (®

sin MW(t - %)

. e =
k W(t - %)

Equation 4 can therefore be rewritten as

W
fo+2— i2nfk
yk = J I(f) e W df
W
f0-2

fcr the case without sidelobe weighting.

If there is no distortion
I(f) = constant =

1
W

then

i#0

On the other hand, if I(f) has a periodic amplitude component

10

(9)

(10)

(11)

(12)



=1 i 2nf A
I1(f) a 1+ a, sin 5¢( 7 )] .30
then
vy, =1
ja
1
= 4 —
s 2
ja
Y = (14)
y,. =0 i+ 0, 5, =5

For small periodic phase errors the problem reduces to this case. Let

| =

[1(£) = 8(f) = b, sin é—;”—f (15)

then for b1 << 1 a Taylor series expansion of the exponential gives

e %% [1+ 36(5)] (16)

The periodic phase error therefore reduces to the periodic amplitude
error case by letting a; = jb1 . The time function is the same as

that predicted by the paired echo theory.

11



b b
y(e) = by - 2)+ ) + Sy + 2y an

In many practical situations there may be both amplitude and
phase sinusoidal modulation. These may be related in such a way that
paired echoes do not appear but only a series of echoes following
the main lobe appear. Multipath communications links or nonideal
termination in cables or delay lines are examples in which this
pheromenon is common.

Sidelobe weighting can be easily incorporated into this analysis.
Appealing to paired echo theory the output from the periodic phase
distorting filter given in Equation 15 can be found directly to be

b b
2 (£)== 5 x (¢ = 2)+ x(®) + 2F x(e + 2) (18)
wher= y(t) is the weighted undistorted output signal.

The sampling theorem approach is also straightforward. The
undistorted weighted output can be found by multiplication of the
frequency characteristic shown in Equation 10 or convolving the
transforms of their characteristics. If w(t) 1is the transform of

W(f), the weighting function,then

y(t) = y(£) @ w(t) (19)

where @ implies a convolution.

12



The distorted output is given by

2(t) =) y; ¥;(©) @w(e) 20)

= Zyi %4 (6D

which reduces to Equation 18 by substitution for y

where Xi(t) = x(t = %)

i
yo=1
b
P
Y45 2
!
Y5 2
yJ=O j#o)ss's

This discussion can be summarized by writing a general expressicn
for the output time signal as a function of the Fourier series
coefficients, ki , of the phase distortion.

To summarize, for small phase errors the unweighted and weighted
distorted signals are related to the Fourier coefficients of the

distortion. Therefore, if

2nf.)
qT

p(f) = in sin( 0

and

13



p(f) << 1 radian

then the unweighted signal is

y(t) in y(t - wi) (21)

ard the weighted signal is

z(t)

D A X - (22)

Note that Equation 21 is an expansion of the function y(t)
on an orthogonal basis, {(t) , and that Equation 22 is an expansion

of the function, z(t) , on a non-orthogonal basis, ¥x(t) . Because

z(t) 1is a band-limited function, it can also be represented on an

orthogonal basis also,

a(6) = ) 2, 4t - &) (23)

The coefficients, Zi , are not trivially related to the Fourier series
coefficients, Xi of the distortion, as is discussed in a latter
section. The advantage of the non-orthogonal expansion (Equation 22)

is that tlie coefficients are the Fourier series coefficients, Xi 5

sin x

of the distortion function. Because the {(t) are —— functions

is

==

the unweighted output at some time ¢t =

14



ky _
¥ = A (24)

The | functions form an orthogonal set and in the unweighted case
distortion sidelobes are simply related to the Fourier coefficients

Xi . The weighted output does not have this property. 1In general

W

z(é) = Zk: A X [-(k—'—ll] (25)

The < functions are not orthogonal and therefore the actual sidelobes
are a complicated function of the Fourier coefficients, Xi

To illustrate the importance of paired-echo theory the integral
specifying the output signal (Equation 4) is numerically evaluated
for a periodic phase distortion (Equation 13). The calculation made

without weighting and with 60 db Taylor weighting is shown in Figure 2.

15
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Figure 2. Output Time Signal Sinusoidal Phase Error
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SECTION III

QUADRATIC PHASE DISTORTION

This section treats the analysis of the effect of small
quadratic phase distortion. A linear pmse function delays a
signal but does not introduce a distorti on. Quadratic phase functions
can distort a signal significantly and are inherent in waveguide
transmission, ionospheric propagation, and time dilation. The analysis
is made with the signal spectrum and phase distortion function defined
in the frequency domain thus the distortion causes range (time)
sidelobes. The dual case of a time signal and time dependent phase
function which introduces doppler (frequency) sidelobes is briefly
discussed.

The quadratic phase function (plotted in Figure 3) can be
expressed conveniently as

43 2 W W
a2 = - = + = 2e
B(£) wz (f fo) for £ -3 < f < fo > (26)

The maximum phase shift at the edge of the band is

6 =8(y =3 @7)

max

The quadratic phase function (vs frequency) can also be
characterized by the change in group delay across the band. The group

delay is defined

17
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Figure 3. Dispersive Frequency Characteristic
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4 1 do(f) (28)

Tg = 7 21 “df

For quadratic phase the group delay is

4%(f - £ )
R T e (29)
g ™

The maximum group delay (see Figure 3) is often called the '"dispersion"
and is:

p=22 (30)

The product of the total change in group delay across the band and

bandwidth is defined as the time-bandwidth product and is

]
B~ (31)

Using Equation 1 the unweighted distorted signal is found for the case

where

lI(f)l = const =

= |=

L I(f) = 8(H

| JAmEE - J2Et
y(t) = e J e df (32)
W
2



For the remainder of the paper the center frequency is assumed zero
for convenience; no generality is lost because of the use of complex

. * . .
notation. This integral cannot be exactly evaluated in closed form
for an arbitrary value of ¢ but can only be approximated by using
tabulated Fresnel integrals. However, if attention is restricted
to small values of ¢ an approximate analysis can be made. Therefore,

for & << 1 radian

y 2
o 38(6) R’_l_ 1L+ 43 f (33)
W 2
W
The output signal in this case can be expressed as the sum of two
signals, one representing the uncorrupted signal, the other the
distortion.
n n
.2 . 2 _.‘2
Y(t)=%jejﬂftdf+jl%f g SOMEE o (34)
i "
) 2
= +
y(e) =y, () +y,(t)
The first term is recognized as the transform of a rect function
_ sin 7iWt _
NORLS o (35)

Note that the narrow band assumption is made throughout.

20



and represents the desired output of the system if no distortion is

encountered. The second integral is recognized as

I
¥5 () = =3 A ) (36)
- w2 em? 1
¥:
where yl(t) = == [yl(t)]
dt

and is the result of the phase distortion.

Evaluation of the derivatives yields

2 sin Wt

3 (37)

5 W 2
yl(t) = -%T sin Wt - —5 €os nWwt +
t Wt
As discussed in the previous section, a convenient way of expressing
this function is to evaluate it at t = = . The resulting numbers are
the Fourier coefficients of the phase function expansion and also the

paired echoes of the received signal

k
08 ( -
yZ(V%) = )\k = 4+ JM)_ (38)

2 2
m (k)
From this expression several important observations can be made:
1. The Fourier coefficients are small relative
1
to one because the 5 factor reduces them by
m

about 20 db.

2. The coefficients drop off as the square of 1l/k .

2l




Thus, the tenth coefficient is 40 db below the
first coefficient.
3. The sign of the coefficients alternate.
4. The phase of the distortion coefficients is
0 . . th
+ 90 relative to the desired zero order
coefficient.

5. For k =0 the limit may be taken
0, _
V) = - ¢

An analysis of the dual situation can be made and is helpful in
understanding the distortion mechanism. For this dual case the
quadratic phase becomes a function of time and causes sidelobes in
the frequency domain. Time dilation and errors common in active
signal generators are distortions of this type.

Let the distorted time signal be

2

j4dt

2

r(t)=;ll:e & for-%Sts+-— (39)

The quantity 6 & is again the maximum quadratic phase shift, and occurs
at t = x5 . In a manner almost identical to the previous analysis

it can be shown thatthe output of a spectrum analyzer (matched filter)

is given by
R(f) = Rl(f) + Rz(f)

22



2

d°R_ (£)
4
R(E) = R (£) - 12— —L (40)
1 m°T  df
_ sin 1iTf
where Rl(f) “oTE
The distortion coefficients (paired echoes) are given by
L -, 28CDY
R, (Y) = + (41)
2°T HZLZ

The calculations for frequency dependent phase distortion functions
were checked by numerical computation. An SDS-930 digital computer was
used to evaluate the integral in Equation 1. The calculation is

performed for the following values of quadratic phase:

$ =0.0, 0.4, 1.0, 5.0, and 20.0 radians

The results are plotted in Figures 4 and 5. Equation 38 predicted

that for & = 1 radian the output time signal would be

y(‘%) = .2
y(&) = .05
(@) = .02

Figure 4 verifies this result almost exactly. The computer calcula-
o} ) 0
tion also verified that the phase alternated + 90 relative to y(a)

23
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SECTION 1V

EFFECTS OF SIDELOBE WEIGHTING

The concept of increasing resolution by modifying the spectrum
of a signal to minimize its sidelobe level while simultaneously main-
taining high signal-to-noise ratio and narrow main lobe response has
bzen well documented.[l’sl Although the Klauder paper[sldoes
present some useful data on the effects of weighting on quadratic
phase distortion, there are several questions which remain unanswered,
These include:
1. 1Is there a simple model to predict the effect
of weighting for quadratic phase distortion
or for a wider class of distortion?

2, 1s it possible to achieve very low sidelobes
(-40 to -60 db) for moderate quadratic phase
distortion?

3. To what extent is the main lobe broadened by

the combination of distortion and weighting;
i.e., what is the loss in bandwidth,
THEORET1CAL DISCUSSION
The answer to the first question is yes, as is shown in the

following discussion. The weighted undistorted time signal was given

in Equation 19.

26




_ sin TWt

+

o=

x(t) = | wep eI2Mrae

ol —o

The distorted output time signal was given in Equation 22

Z(t) =

ST

A X(t %) (435

where Xi are the Fourier series coefficients of the phase distortion
function.

=]

But w(t) itself is bandlimited and can be represented by
samples

o) o z:wk sin W (t - % ) (45)
Wt - )
Therefore, the weighted distorted time signal is given by combining
Equation 20 and 44 and performing the convolution
o o
RAGE) =\L E A Va-k Si; e
{=-o | k=-
o
=), 2, SRWE Y g v (45)
f=-o

27




This equation is the same as Equation 23 and is the orthogonal expansion
of z{th,

The coefficients of the weighting curve, w, are usually very

k
small for k larger than 10. For example 35 db Taylor weighting can

be achieved with a maximum k of 5. For analytical convenience one

plus cosine weighting is used (see Figure 6), where

@ = &)
W(E) = 1 + cos 2m ———w——°— (46)
w o= = w =1 w, = =
-1 2 o 1 = 2

Approximately 30 db sidelobes can be achieved using this very simple
form of sidelobe weighting. This form of weighting as well as the
Taylor weighting discussed later are monotonically decreasing functions.
The analysis and the numerical results apply only to this class of
weighting function.

Using Equation 45 and 46 the samples of the weighted output

signal are

T ! ;
Zy =5 Mg th ts Ay (47)

Using the Fourier coefficients for quadratic phase distortion in
Equation 38 and this relationship, the expression for the samples
of z(t) can be written as the sum of two functions; the first

represents the undistorted output, the second the distortion

28
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where
B X(w) 2 %,0-1% %, T2%0,1-1
and
2i¢ 2&2 4
ZZL = + 5 5 2- 5 for 4 =2
m L (@-1) (4+1)
(48)

These calculations are best summarized in a table of the dis-
tortion samples (ZZL) for both the weighted and unweighted case. Table
I gives these results for the one plus cosine weighting and for & = .25
radian.

Table 1

Samples Of Distorted Output

ZZL
L unweighted weighted
2 -22 db -28 db
3 -40 db -54 db
5 -48 db -76 db

The distortion sidelobes are greatly attenuated by the sidelobe
weighting because the distortion coefficients (Xi) periodically change

sign due to the (-l)L factor thus allowing the weighting function to
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serve as a smoothing filter.* For large values of { the samples drop
off as (1/{,)4 rather than (1/{)2 which occurs without weighting.

Although the distortion sidelobes are attenuated by weighting
it is now shown that the quadratic distortion can broaden the main
lobe to an extent much greater than the broadening due to the
weighting alone. Thus there is a loss in resolution due to the
quadratic phase distortion.

An exact analysis of the broadening effect would be tedious
and possibly unrewarding. The following very approximate discussion
is offered instead to give an intuitive understanding of the problem.
The discussion relies on the analysis of linear FM signals by Key,

(8]

et al. Using the concept of stationary phase, all of the authors
were able to analytically transform a signal with a large quadratic
phase modulation. For signals with a large time bandwidth product
the approximation is very good;for signals with a gaussian envelope
the analysis is exact,

For this discussion, therefore,it is assumed that a 55 db
Taylor function is approximately gaussian. The dependence of its

transform on the amount of quadratic phase distortion is then

determined

*Note: 1In this case the advantage of the various expansions is utilized
because the weighted functions, X, (Equation 22) are not orthogonal,
whereas with weighting Y (Equation 21) are orthogonal.
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In Reference 8 it is shown that the envelope IS(t)} a signal

s{%) with spectral magnitude

X 2
e'B(f-fo) .
[s(e) | = —= (49)
™
and spectral phase
L S(D) = () = e(f - £)° (50)
can be written as
mpe?
)
ls(t)' = —2—1—2——" e B +c (51)
g +e)

The constant B determines the degree of weighting and the

constant ¢ determines amount of quadratic phase, Let

™
1]

= |m
N

and

4

C = ==

=
o1

then the resolution of the gaussian signal, s(t), defined as half

the pulse width at the -55 db level,is

1 1

L2 =

% 55 7 + (43T |2
L [20 m log e ] [ B ] (52
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For small & there is almost no loss in resolution, while for large ¢

the resolution is approximately

[55 - 16
20 T B log e

¢ .

Resolution &S 1 (55)
1f, for example, B = 8 the weighting function is down 20 db at the
edge of the frequency band W and the -55 db pulse width is 25.
NUMERICAL CALCULATIONS

The results of numerically computing the output time signal,
z(t) for the case where a wideband flat spectrum input time signal is
distorted by a quadratic phase function and Taylor weighting are
presented in this section. As noted earlier, a large time bandwidth
linear FM pulse or an ideal bandpass impulse would have a spectrum

such that

[X(£)| =1 for £ - % Sfsf + % (54)

The integral in Equation 4 was evaluated using traditional numerical
analysis techniques for the quadratic distortion given in Equation 26,
The following table indicates the figure number, the degree
of weighting, and the amount of quadratic phase.
Table IL

Figure Numbers

db 5

weighting 0.0 | 0.2 | 0.4 Jo.s | 1.6 |3.o | 6.0 l
55 7 8 9 10 11 12 13
35 14 ] - 15 . . 16
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The ouatput time signal in Figures 7 - 16 are plotted with the
peak of the main lobe normalized to one. Besides the loss in signal-
to-noise ratio due to Taylor weighting there is an additional loss
in signal-to-noise ratio due to the phase distortion. The quadratic
phase distortion effectively attenuates the signal level because the
signal energy is dispersed. This loss is plotted in Figure 17 A, B
for no weighting and 55 db and 35 db Taylor weighting.

From the plots of the output time signal, it can be seen that
there is a loss in signal resolution. This effect is measured in
rwo ways. It is asserted that the most meaningful measure of
resolution is the width of the main lobe at a level equal to the
largest sidelobe. The distance from the center of the main lobe
to that point is plotted in Figure 18 for the cases where the signal
is weighted by a 55 db or 35 db Taylor function and where it is
unweighted. The more conventional, but less meaningful, 3 db resolu-
tion is plotted in Figure 19 for the case of 55 db Taylor weighting
and no weighting. The curve for the loss in resolution measured at
the 3 db level is similar to the curve predicted by Equation 52,

The curve in Figure 18 has different characteristics because of the

complex interactions of the near-in sidelobes.
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Figure 17a. Attenuation vs Quadratic Phase Distortion
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SECTION V

APPLICATION TO IONOSPHERIC DISPERSION

The group delay of a signal propagating through the ionosphere
is a function of frequency, i.e., its phase characteristics are non-
linear. Using a simple electromagnetic model for the propagation, a
wave equation can be found. It indicates that the phase -vs- frequency
characteristic has a large quadratic term, but that higher-order power
series terms are unimportant. Thus, the study of ionospheric distor-
tion is reduced to determining the functional dependence of ¢ on the
physical parameters of the ionosphere. The analysis only considers
propagation above plasma frequency (VHF to X-band). For this band the
quadratic phase is proportional to the integrated electron density.
There are many papers and texts dealing with ionospheric propagation;
see, for example, Reference 9. Because there are so many, only
the results will be given.

An extension of a propagation analysis to include gross inhomo-
geneities, dense electron environment and time-varying effects are
well beyond the scope of this paper. The application of this study to
propagation below the plasma frequency (HF), while a very interesting
area, has not been included.

The ionosphere consists of free electrons; therefore, it affects
the propagation of electromagnetic energy: By considering the number

of these electrons, their charge and mass and by making simplifying
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assumptions about their interactions, a wave equation can be derived.
The solutions of the wave equation are in such a form that it is
possible to relate the input and output signals of the media by a
linear relationship. The linear relationship is a convolution of
the input time signal and the impulse response of the media.

It is assumed that the free electrons in the ionosphere do
not interact and they they are statically and homogeneously distributed
throughout a local region described by the wave equation. Using
Maxwell's equations and the force on an electron, the following wave

equation can be derived:

2 2 2
Qfﬁéél a5 QE o = —E—EE E(z) = 0 (55)
dz c ¢ W
o
where E(z) is the electromagnetic field
z is distance

w = 2nf is frequency in radians/sec

e is electron charge
m is electron mass

N is electron density
e is speed of light

Solving the wave equation and identifying the equivalent filter

characteristic it is found that

il(f\ =1 (56)

l\
=~
~
Hh
~
fl
A3
—~
Hh
~
fl
ot— N
N
=]
Hh
—

)
oo
—
2
N

o
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where Z 1is the total path length

N is assumed to vary slowly with Z

For frequencies well above the plasma frequency this equation
may be expanded in a binomial series and only terms below second order

retained. Thus, if

£>> 9 /N
Z
(57)
2nfZ 81m
¢(£f) a ~ e T ot J. N(z)dz
0
The first term represents the natural delay T = Z/c . The second term

represents a distortion. Expansion of this term in a Taylor series
reveals that the cubic and higher order terms are negligible. The
first order term is a delay which causes range errors but does not
distort the pulse. The second order term can be written in the general

quadratic form given in Equation 26, where

2

sin[#] 2
= 2 (58)
g = — I Nk
° 0
p ; W : :
For a 10 percent bandwidth signal rai .1 the expression is
o
107 f
I LI (59)
° 0

Table 111 gives ¢ for an integrated electron density which

is (1) a typical worst case density, and (2) a typical median density.



This ionospheric data was extracted from Reference 10, but because
the electron density is a strong function of many factors, such as
sun spot number, elevation angle, and time of day, the reader must be

careful in interpreting exactly what is meant by a worst case or median

ionosphere.
Table III
MAX Quadratic Phase Shift (& In Radians)
For 10 Percent Bandwidth
$ for Two-Way Integrated Electron Density
of
Band fo 4 x 1018 e/m2 2 x 1017 e/m2
L 1 Ge 4.0 (Figure 12) O.Z(Figure 8)
c. 5 Gec 0.08 (Figure 10) 0.04
X 10 Ge 0.04 (Figure 9) 0.02

Note: The figure numbers refer to the results of the numerical
calculations made for the closest value of quadratic phase
using 55 db weighting.
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SECTION VI

APPLICATION TO OTHER PROBLEMS

There are several problem areas which either have quadratic
phase distortion or closely related distortion which can be analyzed
directly by a simple modification of the previous work. The problems

discussed in this section are:

L. Time Dilation

25 Waveguide Dispersion-Quadratic Effects

3. Frequency-Dependent Radar Cross-Section

4, Waveguide — Cubic Phase Function Analysis.

TIME DILATION

A constant velocity target distorts a signal in a manner ref-
erred to as '"time dilation'. The distortion is a rescaling of the time
axis, and therefore also the frequency axis. The first order effect
is a shifting of the center frequency of the signal — the common
"doppler effect'". One of the second-order effects is a change in the
signal bandwidth4 however, this distortion results in a loss in signal-
to-noise ratio which is usually insignificant. For phase modulated
signals the time dilation distorts the signal in a manner similar to
a dispersive filter. A linear FM signal — a type of phase-modulated
signal — is distorted by the introduction of additional quadratic phase
(i.e., slope of linear FM changes). For large time bandwidth signals

the distortion can result in very significant loss of signal-to-noise
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ratio and resolution.

The amount of quadratic phase as a function of target velocity
and signal parameters is calculated to determine the degree of the
distortion and the accuracy that is required in measuring the target
velocity to apply corrective techniques.

An accelerating target introduces a quadratic phase distortion
on any signal. Therefore, its effects are also discussed in this
section.

Assume a received FM signal of duration T
: W 2
s(t) = sin [T7 (¢t - alt)) "+ w (¢ - alt))] (60)

The delay «(t) 1is a time-dependent delay increment due to a single

moving target:

2R . s
O.(t) e cO £ 2Rt i Rt (61)

The receiver mixes the received signal with a local oscillator (LO)
with the same characteristics as the transmitted signal.
W 2

1o(r) = sin [TF ¢ + u t] Por = % <% &

T (62)
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The low pass output of the mixing operation is

: 2 3 4
r(t) = 31n(ao + alt + 32t + 33t + a4t ) (63)

The a, term is simply a phase shift which is ignored in the follow-

ing discussion. The a; term is

2R w ~4TWR 8T Roé
s c &+ T B 2 (ot
Te

Thus, the a; term contains both target range and range-rate informa-

tion (usual range-doppler coupling). The last term (Equation 64)
is ignored because it represents an error which is usually very small.

The significant distortion is caused by the quadratic term a, .

This term has value

= ch + 4”Wﬁ =Y AHWROR (65)
4, = ° ¢ cT 2
[

For most linear FM signals the R term dominates, The maximum quad-

ratic phase ¢ 1is given by

2 .
_ . rI4° _ TWIR
$ = a2[2] = (66)

o

For a time-bandwidth product of a million (say T =1 millisecond,

W=1GHz , ¢ = 3x 108 m/sec).
$ =10 “R (67)
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Target velocities as large as 1,000 meters/sec are not uncom-
mon, therefore it is possible for ¢ to be as large as 10 radians
(see Figure 5 for an unweighted distorted signal with § = 20 — there
are no plots of weighted signals with so much distortion). Even a
target velocity which is an order of magnitude less (100 meters/sec)
would produce 1.0 radians of quadratic phase (see Figure 11 for
weighted distorted signal). If the quadratic phase is to be below .2
radian (considering loss in resolution, see Figure 8) the range rate
R must be measured with an accuracy of better than 20 meters/sec.

For most applications the target acceleration does not introduce
significant distortion. For example, for a millisecond X-band signal,
the acceleration must be known within 2,000 meters/secz. However, if
a signal is to be coherently integrated for about one second, the
acceleration must be known within .002 meters/sec2 — a stringent require-
ment.

WAVEGUIDE DISPERSION - QUADRATIC EFFECTS

The phase characteristic of waveguide has almost the same func-
tional form as the dispersive ionosphere characteristic. If the iono-
sphere electron density is a constant, the relationships are identical.
Waveguide, however, has a much higher, cut-off frequency than the
ionosphere. For example, typical X-band waveguide may cut off at 6 GHz
while the ionosphere may cut off as low as 10 MHz. The quadratic phase
function for waveguide is evaluated in this section; an analysis which

includes cubic phase effects is given later in this Section.
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The phase characteristic of waveguide can be written as
f
22
p(f) === 1 -(—C) (68)

The magnitude of the quadratic term of a Taylor series expansion is

found by evaluating the second derivative of the phase function at the

signal center frequency fo . The maximum quadratic phase & 1is fcund
to be
2 2
W ZX
B & =l (69)
4foc(l - X7

where X = f /f = relative cut-off frequency.
¢ o
The '"dispersion'" (total change in group delay across the band)
is given by
2

43 W Z X
A== 7] (70)
™o e L - x2)3/2

Thus, the dispersion is a linear function of the percent bandwidth
and the waveguide length, but is a complicated function cf the rela-
tive cut~off frequency. Because the dispersion is independent of
center frequency, fo , the distortion effects get worse as f
increases if the percent bandwidth is held fixed (%L) . For
example, a nanosecond of dispersion is insignificant zn an L-band

system with 100 Mc bandwidth but is very important in an X-band system
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with 1000 Mc bandwidth. To relate the distortion to the previous
results, a table is provided giving values of $ for various lengths
and relative cut-off frequencies. The information in the table
arbitrarily assumes a center frequency of 10 GHz and a bandwidth of

1 GHz. See Table II in Saction 1V for the figure numbers of the

graphs showing the distorted signals.

Table IV

Quadratic Waveguide Dispersion

$ 1in Radians for fo = 10 GHz, W = 1 GHz

£
<
z ol .5 .6 7
1 meter .025 .1 .15 oD
10 meters .25 1520 1.5 3.5
50 meters 1.25 550 7.5 17.5

From this data it can be seen that for even a modest length of wave-
guide serious distortion can occur for standard waveguide (e.g.,
X-band waveguide WR 112 has fC = 5.26 GHz).
FREQUENCY-DEPENDENT RADAR CROSS-SECTION

An example of non~harmonic amplitude distortion is frequency-
dependent radar cross-section of various types of scatterers. Using
the geometric theory of diffraction, the radar return from a plate
scatterer can be calculated as if the signal had passed through a

filter with the following frequency characteristic
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|s(e)| = 2mf

L S(f) = ¢(£) = 0 (71)

Other types of scatterers such as cylinders, edges and points alsc
have similar, but different, frequency characteristics.

The analysis procedure discussed in Section IIXI for a quadratic
phase function is applicable to such a problem. More important,
however, the sidelobe weighting analysis of Section IV shows that the
major effect of this distortion is the loss of resolution because the
main lobe is widened.

Following the analysis pattern almost directly in Equations
32 through 38, the Fourier coefficients of the signal Xi and
therefore the paired echo coefficients of the output time signal are

found to be

W
"2

1 = j2mfi (72

vy = A I S(f) e =5~ df (7i2)
W
f -3

Y(%) Sg s [.ddtt * q’(t)] .
=

d < gy L

- &) S__%f_—'
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Three conclusions can be drawn from the expression for the
paired echo coefficients:
1. The effect is proportional to the percent bandwidth.
2. The Fourier coefficients drop off inversely as their
number.
3. The coefficients alternate in sign so that weighting
will reduce their effect, but not to the same degree
as for a quadratic phase function.
In practice, the percent bandwidth is usually less than one, therefore
this type of distortion is not as important as the quadratic phase
distortion which could become severe (see waveguide dispersion).
WAVEGUIDE - CUBIC PHASE ANALYSIS
Dispersive media, such as waveguide when operated near the
cut-off frequency, introduces phase distortions which may include
non-negligible terms of higher than second order. VHF propagation
through the ionosphere could also have this characteristic. 1In
this section the coefficient of the cubic phase error term for wave-
guide is calculated and its effect compared to the effect of the
quadratic term. Because it is possible to easily correct for quad-
ratic distortion in a linear FM system (by a flexible slope) the
cubic term may be a limiting factor in determining the system
resolution. Therefore, the loss in resolution is a function of the
cubic term in certain appiications.

The dispersive waveguide characteristic is given by
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o) = T /- (fc/f>2

The cubic term of a Taylor series expansion is found by taking the

third derivative of ¢(£f)

f
o

where

and

Section III, is easily extended to include cubic phase errors.

output time signal

where

and

and evaluating it at the center frequency

czf2 c3f3
Sl R i e
- 6nZX2
’ £ 2a - xz)S/2
& [o]
X=f /f
(S (o]

The quadratic analysis for small phase errors, given in

is found to be

y(£) = § () + S,5(t)
_ sin Wt
So(t) = ——Eﬁz——
3
5,(t) = —* Jc_3d % )
3 [Zn]3 3 dt3
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Evaluating the third derivative at t = {/W gives

ey Pyt e 2
= G5 . g (76)
(2mm)~ 3! £

Ay
5,

Only the term of SB(L/W) which drops off as l/L3 is truly a cubic
distortion. The other portion which drops off as 1/4 corresponds to
a pure envelope delay or a linear phase distortion. The amount of the
pure envelope delay is proportional to the slope of a straight line

passing through ¢(f) at both edges of the band (see Figure 20).

That is
=1 W ¥
TC - W [¢[f0 + 2.1 ®[f0 2]] (77)
Thus, the cubic distortion can be written
L = [ & L' \
536 = 83Lyl + 5,00 (78)
where
3 L
jc,W (-1 2
S'[LJ-S [£'|+if3_(_.2_, Tl
3'W 3W- 3 L

(2m)” 3!
The fellowing table gives the magnitude of Sg(L/W) in db per meter
for varicus cut-off frequencies.

Table V

Magnitude of Cubic Phase Fourier Coefficients

fc
L |+ 5, 7 .8 9

£

o
s -57 db -50 db -40 db -24 db
3 -76 db -79 db -68 db -52 db
5 -99 db -92 db -82 db -66 db

62



T = ENVELOPE DELAY
= - SLOPE

= AVE [Tg m]

1
Tg{f)l: — —

Figure 20. Envelope Delay Definition
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To assess the relative importance of third-order terms for
dispersive waveguide it must be compared with the effect of the gquad-
ratic term. From Equation 69, the max quadratic phase in a band W
is found to be

2 2
W Z X

4 £ c[l - X2]

Sidelobes due to quadratic distortion (see Equation 38) may be expressed

L
2 -1
Ky o = (80)
m 4
Comparing the first sidelobe due to the cubic distortion, Sé(%) :
with the first sidelobe due to quadratic distortion kl "
A
1 W 3
ey (81)
'(= -
S, G o 2m(l -X")

Thus, even with X = .80 (i.e., fc = .80 fo) the effect of the
cubic term is much smaller.

Although the cubic phase distortion is negligible, relative to
the quadratic phase distortion for waveguide, there may be situations
for which this is not the case. For example, if the quadratic phase

is accounted for by the signal processor the cubic term would limit

performance.
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SECTION VII

SUMMARY

The paper has emphasized a straightforward method of computing
a distorted matched filter output for band-limited signals. This
method is certainly not new but has somehow been overlooked with the
advent of complicated phase-coded signals. By observing that phase
coding is cancelled in the matched filter receiver, the required cal-
culation can be written as a simple Fourier transform.

The principal of paired echoes is also well known. If there is
a sinusoidal phase error in the band of interest then a series of
error sidelobes will be introduced. 1If the phase error is less than
one radian only a pair of error sidelobes are generated which are
amplitude symetric about the mainlobe. If there are N cycles of
sinusoidal phase error then the paired echoes are N resolution cells
away from the mainlobe.

By Fourier theory it is possible to expand an arbitrary phase
error function into a Fourier series (a sum of sines and cosines).
Since the matched filters are assumed linear, the distorted output
signal is a sum of paired echoes, the kth echo being associated with
the kth Fourier coefficient.

If a rectangular envelope (in the frequency domain) unweighted
signal is considered, the sample of its output at time k/W is the

kth paired echo.
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Thus, for an unweighted, distorted signal the output is directly
related to the Fourier coefficients of the distortion function.

A weighted signal, on the other hand, cannot be expressed in
this way. The distorted weighted output time signal is represented
by a sum of paired echoes, each a delayed replica of the undistorted
weighted signal; however, the weighted echoes are not orthogonal.
Thus, samples of the output signal are a more complicated function of
the Fourier coefficients of the distortion function. It was found that
the kth sample was a convolution of the Fourier coefficients of the
distortion function and the Fourier coefficients of the weighting
function.

Therefore, to calculate the distortion of some filter, not only
must the individual Fourier coefficients of the distorting filter be
found, but their structure and relationship must be examined.

The quadratic phase dispersion frequently encountered in
practice is analyzed with the Fourier theory. It was found that the
error coefficients could be quite large for modest quadratic distor-
tion, but they had a very special character. The coefficients alter-
nated in sign, dropped off as the square of their number, and were
90° out of phase with respect to the mainlobe. This information is
sufficient to predict that most of the sidelobes due to quadratic
phase dispersion would be removed by sidelobe weighting. The reduc-
tion in the effect of the Fourier coefficients due to weighting is not

expected to occur near the origin. 1In fact, an argument using
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stationary phase to approximate the Fourier integral predicts that the
mainlobe will widen. Numerical results did in fact verify that the
error sidelobes were not significant but that the mainlobe width grows
considerably with increasing quadratic phase. This result is easily
extended to include small amplitude and phase errors which are

representad as a power series.

@

k
p(f) = a. [ = &£ 3
22; k o

This class of error will have adjacent Fourier coefficients which will
interact upon sidelobe weighting resulting in a reduction of their
effect. As noted in the text, these coefficients tend to broaden the
mainlobe.

These ideas can be summarized by noting that phase (or amplitude)
errors which are easily represented by a few terms of a Fourier series,
i.e., basically sinusoidal, will generally degrade the sidelobe level,
while phase errors which are easily represented by a few terms of a
power series will generally widen the mainlobe. Most distortions fall
into one of these categories; therefore, the application of these
results should be relatively straightforward. To show this, the
outline of different types of distortion are presented in the text.

These include frequency-dependent scattering and time dilation.

67



REFERENCES

T. T. Taylor, ''Design of Line-Source Antennas for Narrow Beam-
width and Low Sidelobes," IRE Trans. Antennas and Propagation,
January 1955, pp. 16 - 28,

Samuel Silver (Editor), Microwave Antenna Theory and Design,
Dover Publications, New York, 1965.

M. Leichter, '"Beam Pointing Errors on Long Line Sources,' IRE
Trans. on Antennas and Propagation, Vol. AP-8, May 1960,
pp. 268-275.

R. N. Bracewell, "Tolerance Theory of Large Antennas,' IRE

Trans. on Antennas and Propagation, Vol. AP-9, January 1961,
pp. 49 - 58.

J. R. Klauder, A. C. Price, S. Darlington, and W. J. Albersheim,
"The Theory and Design of Chirp Radars," B.S.T.J., Vol. XXXIX,
No. 4, July 1960, pp. 745 - 808.

R. S. Elliot, "Pulsed Waveform Degradation Due to Dispersion in
Waveguide,'" IRE Trans. on Microwave Theory and Technigques,
October 1957, pp. 254-257.

Eli Brookner, "Effect of Ionosphere on Radar Waveforms,"

Journal of the Franklin Institute, Vol. 280, No. 1, July 1965,
pp. 1-22.

E. L. Key, E. N. Fowle, R. D. Haggarty, "A Method of Designing
Signals of Large Time-Bandwidth Product,'" IRE National Conven-
tion Record, March 1961,

Ionospheric Radio Propagation, National Bureau of Standards
Monograph 80, April 1965,

R. S. Lawrence and D. Jane Pasakony, 'The Total Electron Content
of the Ionosphere at Middle Latitudes near the Peak of the Solar
Cycle," J. Geophys. Res., Vol. 68, No. 7, April 1963, pp.
1889-1898.

68



Secunty Classification

DOCUMENT CONTROL DATA-R&D

(Security classtfication of title, body of abstruet and indexing annotation must be entered when the overall report i classilied)

POOKRIGINATING ACTIVITY (Corporate aathor) 20, REFORT SECURITY CLASSIFICA 11O
The MITRE Corporation UNCLASSIFIED
Bedford, Massachusetts ZEHEROUE
N/A

REPORTY TITLE

A STRAIGHTFORWARD GENERAL ANALYSIS OF SIGNAL DISTORTION WITH
APPLICATIONS TO WIDEBAND IONOSPHERIC DISPERSION

NESCRIPTIVE NOTES (Type of report and inclusive dates)

N/A

5 AUTHORIS) (First name, middle initial, last name)
J. T. Lynch

6 REPORT DATE 7a. TOTAL NO. OF PAGES 7b. NO. OF REFS
March 1968 74 10

Ba. CONTRACT OR GRANT NO. 9a. ORIGINATOR'S REPORT NUMBERI(S)
AF 19(628)-5165 ESD-TR-67-623

b. PROJECT NO.
7150

9b. OTHER REPORT NO(S) (Any other numbers that may be assigned
this report)

MTR-444

. DISTRIBUTION STATEMENT

This document has been approved for public release and sale; its distribution is

unlimited.
11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY
Development Engineering Division, Elec-
N/A tronic Systems Division, L.G. Hanscom
Field, Bedford, Massachusetts

. ABSTRACT

The degradation of signal processor performance in terms of loss of resolution
(i. e., increased main lobe width and increased sidelobes) is analyzed and calculated
for dispersive media. The analysis gives insight into the distortion mechanisms and
compares well with straightforward and precise numerical calculations. The distor-
tion of wideband signals is described for the following situations: Ionospheric
dispersion (above plasma frequency), waveguide operated near cutoff, time dilation,
and frequency dependent scattering cross section.

D

D 21473

Security Classification




Securit. Classification

KEY WORDS

LINK A LINK B

LINK C

ROLE1 wT ROLE w1

HOLE

L

SIGNAL DISTORTION
PULSE COMPRESSION
WIDEBAND SYSTEMS
HIGH RESOLUTION
IONOSPHERIC DISPERSION
TIME DILATION
WIDEBAND DISPERSION

Security Classification




